THE DISTRIBUTION OF THE NUMBER OF TARGETS THAT WILL BE RANDOMLY
ENGAGED BY A GROUP OF WEAPONS
INTRODUCTION
In war-gaming and other weapons analysis studies, it is frequently assumed that available firepower is evenly distributed among available targets. This assumption presunes a degree of coordination among the weapons that may not exist on the battlefield. It may be that each weapon will choose a target at random from among the set of targets. This type of target selection leads to the possibility that some targets receive fire from many weapons, while others receive no fire at all. This report derives the probability distribution for the number of targets engaged under the assumption of random target selection by each weapon.
DISCUSSION
In the following sections, the assumptions and statement of the engagement problem are formalized and the solution is developed.
Assumptions and Problem Statement.
The following assunptions will govern the derivation of the distribution of the number of targets engaged:
• There are m weapons selecting targets.
• There are n targets in the group From which each weapon selects a target.
• Each weapon selects one and only one of the targets to engage.
• A target may be engaged by more than one weapon.
• Each weapon is equally likely to engage each target.
Under these assumptions, the problem is to find:
P(x,m,n) = the probability that exactly x targets are engaged, and x^m.n) = the expected or average number of targets engaged.
Method of Solution.
The problem will be treated as a counting problem. Let N(x,m,n) denote the number of ways in which exactly x targets can be selected at random by m weapons from among n targets. Further, let N(m,n) denote the total number of ways in which m weapons can select targets from among n targets. First, consider the denominator of (1). Since there are n targets, each weapon can select its target in n ways. There are m weapons, so
Now consider the numerator of (1), which can be expressed as the product of two factors as follows:
where A(x,n) denotes the number of ways that exactly x targets can be selected at random from among n targets, and B(m,x) denotes the number of ways that ^ weapons can divide their fire among x targets. Clearly, A(x,n) = ( ),the number of combinations of n things taken x at a time. with starting values B(k,l) = 1 for all k. Using Equation (3) to define B(m,x), it follows from Equation (2) that:
n m 1*0 1 which is the desired result. All that remains is to carefully specify the domain of this probability density junction.
There are certain values of x relative to m and n for which this probability is clearly equal to zero. These values are x>m (One cannot engage more targets than he has weapons to engage them.) and x>n (One cannot engage more targets than there are targets available.)
Thus, the complete specification of the desired probability is
Appendix B presents a proof that this result satisfies the requirement of a probability density function that n I P(x,m 5 n) = 1.
x=l The expected value of x (the average number of targets engaged) is found by definition to be n x(m,n) -I x P(x,m,n) (8) x=l
While the formulas for P(x,m,n) and x;(m,n) are somewhat unwieldy for hand computation, they are well suited to high speed digital computation at least for reasonably small values of m and n. For larger in and n, care must be taken, for the size of some of the partial results CB(m,x) for example] can easily exceed the word length in a machine. Tables 1 through 10 give values of P(x,m,n) for m = 1,2,....10 respectively, for each value of n between 1 and 10. Table 11 and Figure 1 give values of x(m,n) for the same range of values of m and n.
CONCLUSIONS AND RECOMMENDATIONS
A model which assumes an even distribution of available fire among available targets tends to overestimate the attrition to that set of targets. This can best be seen by noting that there is a diminishing incremental effect as additional shots are fired at a given target. Thus, a given increment of kill probability is more effective in terms of expected effect on the set of targets, the fewer the total number of such increments that are applied to that same target. For example, given two weapons and two targets, with each weapon having a single shot kill probability of 0.6 against a target, the expected number of kills is (1)(.6) + (1)(.6) -1.2 if each weapon fires at its own target, but is (l) [l-(l-.6) 2 ] + (1)(0) = 0.84 if both weapons fire at the same target, leaving the second target unattacked.
This effect could be contributing to the observed effect that most wargame models overestimate the effectiveness of weapons as compared to battle experience.
It is recommended that consideration be given to incorporating the distributions derived in this report into pertinent combat models, at least to the extent of allowing available fire to be divided among the expected number of targets engaged (Equation (11) .000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 Since at least one weapon must fire at target #1, this sunmation starts at i=l. Since at least one weapon must be left to fire at each of the remaining x-1 targets, the maximum allowable value of i is m-(x-l) = m-x+1. Thus,
This provides a recursive expression for B(m,x). It only remains to provide a starting value for B. If x=l, that is, if there is only one target, there is only one way that fire can be divided -all the weapons must attack that target. Thus,
This provides the required starting values. Therefore, the complete specifications of the recursive expression is B{k,l) = 1 for all k > 1 m-x+1 and B{m,x) = I ("^(m-i, x-1) for 2 < x< m.
Collecting terms in like values of i m , the coefficient of i in is
By letting k=j-i, this coefficient becomes
Applying the definition ( *) = ,
But n-i is fixed relative to this sunmation. Call it N. Therefore,
This sunmation can be evaluated by recognizing it as a special case of the binomial expansion of (a+b) N 
